Abstract. We give a remark on the Kawamata-Shokurov base point free theorem. We reprove the main theorem of Kawamata's paper: Pluricanonical systems on minimal algebraic varieties, without using the notion of generalized normal crossing varieties.
Introduction
The main purpose of this paper is as follows: We reprove the main theorem of [K1] : Pluricanonical systems on minimal algebraic varieties, without using the notion of generalized normal crossing varieties. See Theorem 3.2 and its proof. Our proof depends on the results obtained by Ambro in his series of papers [A1] , [A2] , and [A3] (see Remark 1.1 below). Another purpose is to show how to use Shokurov's new ideas: bdivisors, saturation of linear systems, various kinds of adjunction, and so on, by giving a new proof to the classical result. Shokurov's paper [S] is a reservoir of new ideas and techniques.
We will work over an algebraically closed field k of characteristic zero throughout this paper. 
Remark 1.1 (Background

Base point free theorem revisited
The following theorem is a special case of [A2, Theorem 2.1], where he gives a criterion for an R-divisor to be rational and semi-ample. In this paper, we only treat Q-divisors. Therefore, Theorem 2.1 is essentially the same as the original Kawamata-Shokurov base point free theorem. Kawamata and Shokurov claimed the following theorem for klt pairs, that is, they assumed that B is effective. In that case, the condition (2) is trivially satisfied. I think that our formulation is useful for some applications. See the proof of Theorem 3.2, which is the main theme of this paper. (1) rD − (K X + B) is nef and big over S for some positive integer r, and
Let us recall the notion of singularities of pairs. We recommend the readers to see [F3] for more advanced topics on singularities of pairs.
Definition 2.2 (Singularities of Pairs). Let X be a normal variety and B a Q-divisor on X such that K X + B is Q-Cartier. Let f : Y → X be a resolution of singularities such that Exc(f ) ∪ f −1 * B has a simple normal crossing support, where Exc(f ) is the exceptional locus of f . We write
Then the pair (X, B) is sub klt (resp. sub lc) if a i > −1 (resp. a i ≥ −1) for any i. The pair (X, B) is klt (resp. lc) if (X, B) is sub klt (resp. sub lc) and B is effective. In recent literatures, sub klt (resp. sub lc) is sometimes called klt (resp. lc). We recommend the readers to check the definitions of singularities of pairs when they read recent papers.
Remark 2.3. Let (X, B) be a klt pair and f : Y → X a proper birational morphism of normal varieties. We put
is not necessarily klt but sub klt.
(b-divisors)
. In this paper, we adopt the notion of b-divisors, which was introduced by Shokurov. For the details of b-divisors, we reccomend the readers to see [A2, 1-B] and [C, 3.2] . The readers can find various examples of b-divisors in [I] .
Definition 2.5 (b-divisor). Let X be a normal variety and Div(X) be the free abelian group generated by Weil divisors on X. A b-divisor on X is an element:
where the projective limit is taken over all proper birational morphisms f : Y → X of normal varieties, under the push forward homomor-
with the trace A Y defined by the formula:
where f : Y → X is a proper birational morphism of normal varieties.
where k(X) is the function field of X. Note that O X (D) is not necessarily coherent.
Before we go to the proof of Theorem 2.1, we make four remarks.
Remark 2.9 (Non-vanishing theorem). By Shokurov's non-vanishing theorem (see [KMM, Theorem 2-1-1]), we have that π * O X ( A(X, B) + jD) = 0. Thus we have π * O X (jD) = 0 by the condition (2).
Remark 2.10. We know that A(X, B) ≥ 0 since (X, B) is sub klt.
Remark 2.11. If the pair (X, B) is klt, then A(X, B) is effective and exceptional over X. In this case, it is obvious that π
Remark 2.12. The condition (2) 
Proof. For the first equality, see [C, Lemmas 3.2.8 and 3.2.9] . Since E is effective,
Remark 2.14. We use the same notation as in Remark 2.3. Let D be a Cartier divisor on X and π : X → S a proper surjective morphism of normal varieties. We put
We make a brief comment on the multiplier ideal sheaf. 
, where the right hand side is the multiplier ideal sheaf defined (but not investigated) in [L, Definition 9.3.56] . In general, O X ( A(X, ∆ + D) ) is a fractional ideal of k(X).
Base point free theorem; nef and abundant case
We recall the definition of abundant divisors, which is called good divisors in [K1] . See [KMM, .
Definition 3.1 (Abundant divisor). Let X be a complete normal variety and D a Q-Cartier nef divisor on X. We define the numerical Iitaka dimension to be
This means that D e ′ · S = 0 for any e ′ -dimensional subvarieties S of X with e ′ > e and there exists an e-dimensional subvariety T of X such that The next theorem is the main theorem of [K1] . We will see that we can reduce Theorem 3.2 to Theorem 2.1 by using Ambro's results in [A1] and [A3] , which is the main theme of this paper. We note that we do not need the notion of generalized normal crossing varieties introduced by Kawamata in [K1] . Conceptually, our proof grew out from Kawamata's positivity theorem (see [K2] ). So, this paper is a continuation of [F1] . 
is π-nef and π-abundant, and
for some a ∈ Q with a > 1, where η is the generic point of S. Then H is π-semi-ample.
Proof. If H − (K X + B) is π-big, then the theorem is nothing but Kawamata-Shokurov base point free theorem. Thus, from now on, we
which satisfies the following conditions (cf. [KMM, and Remark 6-1-4]): (i) µ, f and ϕ are projective morphism, (ii) Y and Z are non-singular varieties, (iii) µ is a birational morphism and f is a surjective morphism having connected fibers, (iv) there exists a ϕ-nef and ϕ-big Q-divisor M 0 on Z such that
Without loss of generality, we can assume that X = Y by replacing X, H, K X + B, and π with Y , µ * H, µ * (K X + B), and π • µ. We note that (X, B) is not necessarily klt but sub klt, in general. Thus, there exists a surjective morphism f : X → Z having connected fibers such that
, where M 0 (resp. D) is a ϕ-nef and ϕ-big (resp. ϕ-nef) Q-divisor. Furthermore, we can assume that D and H are Cartier divisors in the following. If we need, we modify X and Z birationally and can assume the following conditions:
(
for every integer j, and (5) D − (K Z + B Z ) is ϕ-nef and ϕ-big. Indeed, let P ⊂ Z be a prime divisor. Let a P be the largest real number t such that (X, B + tf * P ) is sub lc over the generic point of P . It is obvious that a P = 1 for all but finitely many prime divisors P of Z. We note that a P is a positive rational number for any P . The discriminant Q-divisor on Z defined by the following formula
We note that B Z ≤ 0. By the properties (iv) and (v), we can write
and call it the moduli Q-divisor on Z, where B Z is the discriminant Qdivisor defined above. Note that M is called the log-semistable part in [FM, Section 4] . So, the condition (1) obviously holds by the definitions of the discriminant Q-divisor B Z and the moduli Q-divisor M. If we take birational modifications of X and Z suitably, we have that M is ϕ-nef and (Z, B Z ) is sub klt. Thus we obtain (2) Claim. rankf * O X ( A(X, B) ) = 1.
for a sufficiently large and divisible integer m. We note that
We finish the proof of the claim.
We know that O Z ( A(Z, B Z ) + jD) ⊆ f * O X ( A(X, B) + jH) for any integer j by Lemma 2.2 and Proposition 2.3 in [A3] . Pushing forward it by ϕ, we obtain that
for any integer j (cf. Remark 2.14). Thus, we have (4). The relation H−(K X +B) ∼ Q f * (D−(K Z +B Z +M)) implies that D−(K Z +B Z +M) is ϕ-nef and ϕ-big. By (3), M is ϕ-nef. Therefore, D − (K Z + B Z ) = D − (K Z + B Z + M) + M is ϕ-nef and ϕ-big. It is the condition (5). Apply Theorem 2.1 to D on (Z, B Z ). Then we obtain that D is ϕ-semiample. This implies that H is π-semi-ample. We finish the proof.
Remark 3.3. In Theorem 3.2, I do not know if we can make B Z effective even when we assume that B is effective. So, our formulation in Theorem 2.1 is indispensable.
The following corollaries are obvious by Theorem 3.2.
Corollary 3.4. Let (X, B) be a klt pair, let π : X → S be a proper surjective morphism of normal varieties. Assume that K X + B is π-nef and π-abundant. Then K X + B is π-semi-ample.
Corollary 3.5. Let X be a complete normal variety such that K X ∼ Q 0. Assume that X has only klt singularities. Let H be a nef and abundant Q-Cartier divisor on X. Then H is semi-ample.
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